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ABSTRACT 

C l o c k  i n s t a b i l i t y  i s  a n  e r r o r  s o u r c e  t o  h i g h -  
p r e c i s i o n  r a d i o  m e t r i c  ar,d r a d i o  i n t c r f e r 7 0 m e t r i c  
o b s e r v a t i o n s .  U n d e r  m o s t  c i r c u m s  t , a l ? c e s ,  s u c h  
o b s e r v a t i o n s  t a k e  p l a c e  o v e r  a p e r i o d  o f  t i n e  
w i t h i n  w h i c h  m o d e r n  p r e c i s i o n  c l o c k s  1 7 e v e a i  a 
f l u c t u a t i o n  c h a r e c t o r i z e d  b y  a f l i c k e r  n o i s e .  A n  
u n d e s i r a b l e  p r o p e r t y  o f  f i r ic !cer  n o i s e  i s  t h e  
c o r r e l a t i o n  among a l l  o b s e r v a t i o n s ,  w i t h  h o p e l e s s l y  
c o m p l i c a t e d  c o r r e l a t i o n  c o e f f i c i e n k s .  T h i s  
c o m p l i c a t i o n  p r o h i b i t s  o n e  f r o m  t r e a t i n g  f l i c k e r  
noise as  r a n d o m  n o i s e  i n  c o v a r i a n c e  a n a l y s i s  
e s t i m a t i n g  i t s  effects. T h i s  p a p e r  i n t r o d u c e s  two 
a l t e r n a t i v e  a p p r o a c h e s .  T h e  f i r s t  i s  t h a t  o f  
g e n e r a t i n g  a s equence  o f  n u m b e r  s i m u l a t i n g  t h e  
f l i c k e r  n o i s e  and t h e n  t r e a t i n g  i t  as a s v s t e m a t i c  
e r r o r .  A s c l ~ e m c  f o r  f i i c l c e r  n o i s e  g e n e r a t i o n  i s  
g i v e n .  The  s e c o n d  a p p r o a c h  i s  t h a t  o f  s u c c e s s i v e  
s e g m e n t z t i o n :  A c l o c k  f l u c t u a t i o r ,  is r e p r e s e n t e d  

N by 2 p i e c e w i s e  l i n e a r  s e g m e n t s  and t h e n  c o n v e r t e d  
i n t o  a s u m m a t i o n  o r  ?3+1 t r i a n g u l a r  p u l s e  t r a i n  
f u n c t i o n s  !TPTF), The z t a t i s t i c s  o f  t h e  c l o c k  
i n s t a b i l i t y  a r e  t h e n  f o r m u l a t e d  i n  t e r m s  o f  t w o -  
s a m p l e  v a r i a n c e s  a t  N+1 s p e c i f i e d  a v e r a g i n g  times. 
The summat ion  c o n v e r g e s  v e r y  r ap l . d ly  t h a t  a v a l u e  
o f  N > 6 i s  s e l d o m  n e c e s s a r y .  A n  a p p l i c a t i o n  t o  
r a d i o  i n t e r f e r o m e t r i c  g e o d e s y  s h o w s  e x c e l l e n t  
agreement be tween  t h e  two app roaches .  L i m i t a t i o n s  
t o  a n d  t h e  r e l a t i v e  m e r i t s  o f  t h c  t w o  a p p r o a c h e s  
a r e  d i s c u s s e d .  

*This p a p e r  p r e s e n t s  t h e  r c s u l t s  o f  one  phase  of reseal1ch c a r r i e d  
o u t  a t  t h e  Jet P r o p u l s i o n  L a b o r a t o r y ,  C a l i f o r n i a  I n s t i t u t e  of 
Technology,  u n d e r  C o n t r a c t  No. NAS7-100, sponsor'ed by t h e  National 
A e r o n a u t i c s  and Space A d m i n i s t r a t i o n .  



INTRODUCTION 

The d e v e l o p m e n t s  o f  a d v a n c e d  t e c h n o l o g y  i n  r a d i o  m e t r i c  
o b s e r v a t i o n s  f o r  s p a c e  n a v i g a t i o n  ( R e f s .  1, 2 )  a n d  i n  r a d i o  
i n t e r f e r o m e t r i c  o b s e r v a t i o n s  ( R e f s .  3,  4)  h a v e  b e e n  i n  a  h i g h  g e a r  
d u r i n g  t h e  las t  decade. Among t h e  e r r o r  s o u r c e s  l i m i t i n g  t h e  p r e c i s i o n  
of t h e s e  o b s e r v a t i o n s  i s  t h e  i n s t a b i l i t y  i n  t i m e  and f r e q u e n c y  
s tandards .  The e s t i m a t i o n  of t h e  e f f e c t s  of such  c l o c k  i n s t a b i l i t y  is  
becoming a v i t a l  p a r t  i n  sys tem designs .  

F o r  a s h o r t  a v e r a g i n g  t i m e ,  T , most p r e c i s i o n  a t o m i c  c l o c k s  
p o s s e s s  a t w o - s a m p l e  v a r i a n c e  ( A l l a n  v a r i a n c e )  o f  f r e q u e n c y  
f l u c t u a t i o n ,  o *, w h i c h  d e c r e a s e s  as t-* o r  .l -I. I n  o t h e r  w o r d s ,  t h e  

Y f l u c t u a t i o n  b e h a v e s  e i t h e r  as a w h i t e  p h a s e  n o i s e  o r  as a w h i t e  
f r e q u e n c y  n o i s e .  When o n e  e s t i m a t e s  t h e  e f f e c t s  o f  s u c h  c l o c k  
i n s t a b i l i t y  v i a  a c o v a r i a n c e  a n a l y s i s  w i t h  p h a s e  ( o r  d e l a y )  
o b s e r v a b l e s ,  a w h i t e  p h a s e  n o i s e  c a n  be  t r e a t e d  as a  random p r o c e s s  
w i t h  no c o r r e l a t i o n  among observa t ions .  A w h i t e  f requency  n o i s e  can be 
t r e a t e d  i n  t h e  same way e x c e p t  t h a t  a l l  o b s e r v a t i o n s  a r e  c o r r e l a t e d ,  
w i t h  s i m p l e  c o r r e l a t i o n  c o e f f i c i e n t s .  Hence such  c l o c k  i n s t a b i l i t i e s  
can be handled w i t h o u t  d i f f i c u l t i e s .  

H o w e v e r ,  m o s t  r a d i o  m e t r i c  a n d  r a d i o  i n t e r f e r o m e t r i c  
o b s e r v a t i o n s  t a k e  p l a c e  o v e r  a l o n g e r  p e r i o d  o f  t i m e  w i t h i n  w h i c h  a 
c l o c k  f l u c t u a t i o n  r e a c h e s  i ts  " f l i c k e r  f loor" ,  having a c o n s t a n t  two- 
sample  v a r i a n c e  o v e r  a l l  a v e r a g i n g  t i m e s  o f  i n t e r e s t .  Such f l i c k e r  
n o i s e  h a s  t h e  u n d e s i r a b l e  c h a r a c t e r i s t i c  of compl ica ted  c o r r e l a t i o n  
among a l l  o b s e r v a t i o n s ,  e s p e c i a l l y  when o b s e r v a t i o n s  a r e  t a k e n  a t  
u n e v e n  i n t e r v a l s  of t ime, D i r e c t  c o v a r i a n c e  a n a l y s i s  i s  g e n e r a l l y  
i m p r a c t i c a l .  

Th i s  paper  i n t r o d u c e s  two a l t e r n a t i v e  approaches. I n  t h e  first 
approach,  a sequence o f  numbers s i m u l a t i n g  f l i c k e r  n o i s e  i s  g e n e r a t e d  
o v e r  t h e  t i m e  p e r i o d  o f  i n t e r e s t .  I ts e f f e c t s  c a n  t h e n  be  t r e a t e d  a s  
t h a t  of a s y s t e m a t i c  e r r o r ,  w i t h  t h e  e r r o r  s e n s i t i v i t y  d e f i n e d  by t h e  
s e q u e n c e  o f  numbers .  The s e c o n d  a p p r o a c h  i s  t h a t  o f  a successive 
segmenta t ion :  The s t a t i s t i c s  o f  a c l o c k  f l u c t u a t i o n  a r e  r e p r e s e n t e d  by 
t h e  a m p l i t u d e s  o f  a number o f  t r i a n g u l a r  p u l s e  t r a i n  f u n c t i o n s  (TPTF). 
These a m p l i t u d e s  are, i n  t u r n ,  r e l a t e d  t o  t h e  two-sample v a r i a n c e s  a t  
s u c c e s s i v e l y  halved a v e r a g i n g  times. The problem is t h u s  reduced t o  
t h a t  o f  e s t i m a t i n g  t h e  e f f e c t s  o f  a number o f  ( u s u a l l y  n o t  more t h a n  7) 
TPTF w i t h  s p e c i f i c  RMS ampl i tudes .  



E x a m p l e s  a r e  g i v e n  f o r  a n  a p p l i c a t i o n  t o  b a s e l i n e  v e c t o r  
d e t e r m i n a t i o n  by  r a d i o  i n t e r f e r o m e t r y .  The n u m e r i c a l  r e s u l t s  show 
e x c e l l e n t  agreement  between t h e  two approaches.  L i m i t a t i o n s  t o  and t h e  
r e l a t i v e  m e r i t s  of t h e s e  two approaches a r e  d i scussed .  

CLOCK I N S T A B I L I T Y  C H A R A C T E R I Z E D  BY uy2 l m 2  and o a T-' Y 

F o r  c o n v e n i e n c e  i n  i n v e s t i g a t i n g  t h e  e f f e c t s  o f  c l o c k  
i n s t a b i l i t y ,  we s h a l l  b r i e f l y  r ev iew t h e  b a s i s  of c o v a r i a n c e  a n a l y s i s .  
L e t  t h e r e  be M independent  phase o b s e r v a t i o n s  from which N p a r a m e t e r s  I? a r e  t o  be e s t i m a t e d .  The "computed c o v a r i a n c e  mat r ix t t  i s  g l v e n  by 

where A i s  an M x N s e n s i t i v i t  m a t r i x  w i t h  t h e  ( r n , d t h  e l e m e n t  b e i n  
%P t h e  p a r t i a l  derivative of t h e  meh o b s e r v a t i o n  w i t h  r e s p e c t  t o  t h e  n  tR 

e s t i m a t e d  p a r a m e t e r ;  W i s  u s u a l l y  a d i a g o n a l  w e i g h t i n g  m a t r i x  w i t h  
e l e m e n t s  w h e r e  E i s  t h e  a s s u m e d  RMS random e r r o r  o f  t h e  rn t h 

m 
o b s e r v a t i o n .  The  d i a g o n a l  e l e m e n t s  o f  Px i n  (1) a r e  t h e  v a r i a n c e s  o f  
t h e  e s t i m a t e d  p a r a m e t e r s  d u e  t o  t h e  a s s u m e d  r a n d o m  e r r o r  i n  
o b s e r v a t i o n s .  

The e f f e c t s  of  an e r r o r  s o u r c e  d i f f e r e n t  from t h e  assumed random 
e r r o r s  can be c a l c u l a t e d  by t h e  f o l l o w i n g  "cons ide r  c o v a r i a n c e  m a t r i x n  
(Ref. 5 )  

where PC i s  t h e  e r r o r  c o v a r i a n c e  m a t r i x  of t h e  M o b s e r v a t i o n s .  



For a c lock  i n s t a b i l i t y  cha rac t e r i zed  by a two-sample var iance  
oy2(r) T i t s  effects  on t h e  M observa t ions  a r e  t h e  same as t h a t  of 
an uncorrel.ated random e r r o r  w i th  a s tandard dev ia t ion  TO ( T ) .  Thus PC 
i n  ( 2 )  becomes a un i ty  mat r ix  mu l t ip l i ed  by a cons tan t  T*' ( T ) .  The 

OY 
e f f e c t s  on t he  est imated parameters a r e  given by the square roots of the 
d iagonal  elements of P f x .  

For a c lock  i n s t a b i l i t y  cha rac t e r i zed  by a two-sample var iance  
fly2 (-r)  a , its effects on the mth phase observa t ion  i s  t h e  accumula- 
t i o n  of phase, from the beginning of t h e  experiment,  due t o  a white  
frequency no i se .  That i s ,  the e r r o r  covariance mat r ix  PC will have 
elements 

where 



t i s  t h e  e p o c h  o f  t h e  e x p e r i m e n t  and t i s  t h e  mean t i m e  a t  which the  
ieh o b s e r v a t i o n  is t a k e n .  I.l..th P, c d i c u l a t e d  by ( 3 )  and  (41, t h e  
e f f e c t s  of such c l o c k  i n s t a b i l i t y  a n  t h e  e s t i m a t e d  p a r a m e t e r s  a re  again 
g i v e n  b y  t h e  square r c o t s  o f  the d i a g o n a l  e l e m e n t s  o f  Pf, i n  ( 2 ) .  

S I M U L A T I O N  OF CLOCK I N S T A B I L I T Y  C H A R A C T E R I Z E D  BY 7 ' T o  Y 

A c l o c k  f l u c t u a t i o n  c h a ~ * a c t e r i z e d  b y  a c o n s t a n t  two-sample 
v a r i a n c e  independent  of  a v e r a g i n g  t i m e  is  s a i d  t o  behave as a f l i c k e r  
noise .  It has  s t r o n g  c o r r e l a t i o t l  among o b s e r v a t i o n s .  To t h e  knowledge 
o f  t n e  a u t h o r  no  e x a c t  e x p r e s s i o n  e x i s t s  f o r  t h e  e r r o r  c o v a r i r n c c  o f  
o b s e r v a t i o n s  due t o  such  noise, A c l o s e  approx imat ion  can be d e r i v e d  
f'rom t h e  following flicker n o i s e  model of Barnes and Al lan  (Ref. 6 ) :  

T h i s  model s i m u l a t e s  e q u a l l y  spaced ( i n  t i m e ) ,  d i s c r e t e  f l i c k e r *  no i s e  
from a sequence of i n d e p e n d e n t ,  random numbers gi (o r  d i s c r e t e  w h i t e  
phase  n o i s e )  o f  u n i t y  variance. F o r  o b s e r v a t i o n s  taken a t  e v e n  t i m e  
i n t e r v a l s  At, t h e  e r r o r  c o v a r i a n c e  m a t r i x  P, w i l l  have e l e m e n t s  

w h e r e  < > d e n o t e s  t h e  e ~ s e r n b l e  a v e r a g e  a n d  min (m,n) i s  d e f i n e d  i n  
4 )  F o r  o b s e r v a t i o n s  t a k e n  a t  u n e v e n  t i m e  i n t e r v a l s  I,::t, t h e  
elements o f  m a t r i x  PC become 

n i n ( l c  , k ) 
1'13 2 1 3  

= ( A t )  tr k + 1 - i ( k  + 1 - i) 
'm,n Y Cm 'I n ( 7 )  

i= 1 



Therefore ,  t h e  c a l c u l a t i o n  of t h e  e lements  of P, becomes complicated 
and imprac t i ca l .  

An a l t e r n a t i v e  approach is  t o  s i m u l a t e  t h e  c lock  i n s t a b i l i t y  i n  
t h e  t ime p e r i o d  o f  i n t e r e s t  by a f l i c k e r  n o i s e  model ,  s u c h  a s  t h a t  
g i v e n  i n  (51, and t h e n  t r e a t  i t  a s  i f  i t  were  a  s y s t e m a t i c  e r r o r .  
(However, s t a t i s t i c a l  r e s u l t s  can be obtained only  through averaging an 
e n s e m b l e  o f  s u c h  e r r o r s .  T h i s  w i l l  be  f u r t h e r  d i s c u s s e d  l a t e r ) .  I n  
o t h e r  words ,  t h e  PC i n  (2) i s  decomposed i n t o  C C ~  where  C i s  a column 
ma t r ix  w i th  its M e lements  g iven  by 

f o r  obse rva t ions  a t  uneven time i n t e r v a l s  1 ,At .  Here $km i s  d e f i n e d  in 
( 5 )  and (7a). 

E q u a t i o n  ( 8 )  s u f f e r s  f rom t h e  d i s a d v a n t a g e  o f  h a v i n g  t o  r e c o r d  a 
v e r y  l a r g e  number o f  random s a m p l e s  gi and t o  p e r f o r m  a v e r y  l a r g e  
number of  summations. A computa t iona l ly  more e f f i c i e n t  f l i c k e r  no ise  
model can be generated by t h e  fo l l owing  e m p i r i c a l  recur rence  formula  
I f o r  (J = 1):  

Y 

where gi are now random numbers o f  s tandard  d e v i a t i o n  1.35. 



To c o m p a r e  t h e  t w o  f l i c k e r  n o i s e  m o d e l s ,  eq .  ( 5 )  and eq. (91, 
4001 samples  a r e  computed from each  mode Two-sample v a r i a n c e s  a r e  ' a To b e h a v i o r  i s  v e r i f i e d  c a l c u l a t e d  and  p l o t t e d  i n  F i g .  1 .  The cry 
f o r  b o t h  m o d e l s  w i t h  t h e  r e c u r r e n c e  f o r m u l a  o f  19) b e i n g  s l i g h t l y  
b e t t e r .  N o t e  t h a t  f o r  L a r g e r  T t h e  n u m b e r  o f  s a m p l e s  i n  t h e  
c a l c u l a t i o n  o f  (I, i s  s m a l l e r  and t h e  u n c e r t a i n t y  o f  cry i s  l a r g e r .  
W i t h  t h e  f l i c k e r ' n o i s e  mode l  g i v e n  i n  ( 9 1 ,  t h e  s o l u t i o n  c o v a r i a n c e  
m a t r i x  P t ,  c a n  be  c a l c u l a t e d  f r o m  ( 2 )  w i t h  PC = C C ~ ;  t h e  e l e m e n t s  of  
t h e  column m a t r i x  C a r e  

w i t h  k m  def ined  by (7a). 

SEGMENTATION OF CLOCK INSTABILITY 

I n  t h i s  s e c t i o n ,  t h e  e f f e c t  o f  c l o c k  i n s t a b i l i t y  i s  s t u d i e d  by  
a n  a l t e r n a t i v e  a p p r o a c h .  I t  i s  c l e a r  t h a t  a  c l o c k  i n s t a b i l i t y  
c h a r a c t e r i z e d  by o 2 ( c )  ,r 'X w i t h  I) 2 - 1 w i l l  h a v e  a  c u m u l a t i v e  
e f f e c t .  Hence,  a c r o c k  w i t h  i n s t a b i l i t y  b e h a v i n g  d i f f e r e n t l y  f r o m  a 
w h i t e  phase n o i s e  w i l l  appear  as c l o c k  d r i f t .  Such c l o c k  d r i f t  i n  t h e  
t i m e  p e r i o d  o f  i n t e r e s t ,  s a y  0 .' t .' T ,  c a n  be  a p p r o x i m a t e d  by a 
p i e c e w i s e  l i n e a r  r e p r e s e n t a t i o n  a s  shown i n  F i g .  2 (a) and (b ) .  The 
number  o f  s e g m e n t s  c a n  be  a r b i t r a r y ;  h o w e v e r ,  f o r  t h e  c o n v e n i e n c e  o f  
t h e  f o l l o w i n g  s t u d y ,  i t  i s  s e l e c t e d  t o  be  2N. Fig .  2 ( b )  i s  a s p e c i a l  
case o f  N = 4. 

The p i e c e w i s e  l i n e a r  r e p r e s e n t a t i o n  of  a c l o c k  d r i f t  can f u r t h e r  
be  d e c o m p o s e d  i n t o  t h e  s u m m a t i o n  o f  a s e q u e n c e  o f  N 4 1  t r i a n g u l a r  
p u l s e  t r a i n  f u n c t i o n s  (TPTF), F,: 

where  Fn c o n t a i n s  2"-' t r i a n g u l a r  p u l s e s  of w i d t h s  ~ / 2 " - '  a n d  o f  
h e i g h t s  bn , l ,bn ,2  ,..., and  b  n-1 ( f o r  n  = 0, F, c o n t a i n s  h a l f  a 
t r i a n g u l a r  pulse o f  h e i g h t  bo).n'8ig. 2 ( c )  d i s p l a y s  t h e  c o m p o n e n t  
terms of (11.). Therefore, a given c lock  d r i f t  functions which is 



N a p p r o x i m a t e d  by 2 p i e c e  wise l i n e a r  s e g m e n t s  is un ique ly  d e f i n e d  by 2 
h e i g h t s  o f  t r i a n g u l a r  pulses.  S i n c e  t h e s e  TPTF a r e  i n d e p e n d e n t  of and 
u n c o r r e l a t e d  wi th  o n e  a n o t h e r  t h e i r  t o t a l  e f f e c t  is t h e  q u a d r a t i c  sum 
of  individual e f f e c t s .  T h a t  is, 

n-1 112 
Effect  of D r i f t  (t) = [ ; t ) ]  (12)  

n= 0 

The R MS vaues  of  b are re la ted  t o  the  two-sample variances 0 ' by t h e  
d e f i n i t i o n  of oy2: n,m Y 

w h e r e  d e n o t e s  t h e  R M S  value .  Hence  all t r i a n g u l a r  p u l s e s  i q  t h e  
s a m e  TPTF h a v e  t h e  s a m e  R MS h e i g h t  which is d i r e c t l y  r e l a t e d  t o  ay a t  a 
s p e c x e d  a v e r a g i n g  t i m e :  

T h e r e f o r e ,  t h e  R MS e f f e c t  of c l o c k  i n s t a b i l i t y  wi th  known uy  for T / 2  N 

< T < T c a n  be  r e p r e s e n t e d  by t h e  s u p e r p o s i t i o n  o f  T P T F  of s p e c i f i c  R M S  
he igh t s .  Only t e r m s  w i t h  ~ / 2 "  l o n g e r  t h a n  t h e  s h o r t e s t  t i m e  i n t e r v a l  
b e t w e e n  o b s e r v a t i o n s  need  be  i n c l u d e d  i n  ( 12).  F o r  i n s t a n c e ,  a 12-hour  
e x p e r i m e n t  w i t h  a minimum t ime  i n t e r v a l  of  1 0  m i n u t e s  b e t w e ' e n  
o b s e r v a t i o n s  r e q u i r e s  on ly  7 T P T F ,  w i t h  t h e  l a s t  t e r m  c o n t a i n i n g  ~ 1 2 ~ .  
F u r t h e r m o r e ,  f o r  oy2 a TO ( f l i c k e r  n o i s e ) ,  eq. ( 1 2 )  c o n v e r g e s  v e r y  
r a p i d l y ;  n e g l e c t i n g  all  b u t  t h e  f i r s t  t h r e e  t e r m s  w i l l  r e s u l t  i n  a n  
e r r o r  of less t h a n  1 % . 



I n  m o s t  r a d i o  metric o b s e r v a t i o n s  f o r  s p a c e  n a v i g a t i o n ,  t h e  
e s t i m a t e d  p a r a  meters a r e  t h e  a m p l i t u d e s  of d i u r n a l  s inusoida l .  f u n c t i o n s  
( R e f .  2 ) .  H e n c e ,  o v e r  a v i ew  p e r i o d  of  8 h o u r s  o r  s h o r t e r ,  t h e  error 
s i g n a t u r e  c a n  b e  d i v i d e d  i n t o  t h r e e  c a t a g o r i e s :  A b i a s  e r r o r  
( a p p r o x i m a t i n g  c o s  x w i t h  small x), a r a m p  e r r o r  ( a p p r o x i m a t i n g  s i n  x 
w i t h  smal l  x )  a n d  a r a n d o m  e r r o r .  On t h e  o t h e r  h a n d ,  r a d i o  
i n t e r f e r o m e t r i c  o b s e r v a t i o n s  f o r  c l o c k  s y n c h r b o n i z a t i o n ,  b a s e l i n e  v e c t o r  
d e t e r m i n a t i o n ,  p o l a r  m o t i o n / U T l  d e t e r m i n a t i o n ,  e t c .  a r e  t a l c e n  
' l r a n d ~ m l y ~ ~  o n  many d i f f e r e n t  r a d i o  s o u r c e s .  It I s  s u c h  r a n d o m n e s s  t h a t  
l o o s e n s  t h e  c o u p l i n g  b e t w e e n  s y s t e  m a t i c  e r r o r  s o u r c e s  a n d  e s t i m a t e d  
p a r a m e t e r s .  H o w e v e r ,  f o r  s u c h  I1random1l o b s e r v a t i o n s ,  t h e  e r r o r  s o u r c e s  
c a n  a l s o  b e  d i v i d e d  i n t o  b i a s ,  r a m p  a n d  r a n d o m  e r r o r s ,  

T h e  RMS v a l u e s  o f  b i a s ,  r a m p  and  r a n d o m  c o m p o n e n t s  o f  T P T F  are  
c a l c u l a t e d  i n  t h e  a p p e n d i x .  The  v a l u e s  f o r  t h e  f i r s t  7 T P T F  a r e  
s u m m a r i z e d  i n  T a b l e  I. S i n c e  t h e s e  c o m p o n e n t s  a r e  i n d e p e n d e n t  a n d  
u n c o r r e l a t e d  t h e  q u a d r a t i c  sum o f  t h e i r  e f f e c t s  y i e l d s  t h e  e f f e c t s  o f  
t h e  TPTF. Also, a s  m e n t i o n e d  e a r l i e r ,  t h e  T P T F  a re  i n d e p e n d e n t  o f  and  
u n c o r r e l a t e d  w i t h  o n e  a n o t h e r .  H e n c e ,  t h e  m a g n i t u d e s  o f  e r r o r s  o f  t h e  
same  c a t a g o r i e s  ( b i a s ,  r a m p  a n d  r a n d o m )  f r o m  a l l  T P T F  c a n  b e  
q u a d r a t i c a l l y  s u m m e d  t o g e t h e r ,  t h e  e f f e c t s  o f  w h i c h  a r e  t h e n  
i n d i v i d u a l l y  e s t i m a t e d ,  T h e r e f o r e ,  t h e  e s t i m a t i o n  o f  c l o c k  i n s t a b i l i t y  
e f f e c t s  is r e d u c e d  t o  t h e  e s t i m a t i o n s  o f  t h e  e f f e c t s  o f  a b i a s  e r r o r ,  a 
r a m p  e r r o r  a n d  a r a n d o m  e r r o r  ( w h i t e  p h a s e  n o i s e )  w h i c h  a r e  t r i v i a l .  

N U M E R I C A L  EXAMPLES 

To i l l u s t r a t e  a n d  c o m p a r e  t h e  t w o  a p p r o a c h e s  i n t r o d u c e d  a b o v e ,  
t h e y  are a p p l i e d  t o  a p r o b l e m  of b a s e l i n e  v e c t o r  d e t e r m i n a t i o n  b y  r a d i o  
i n t e r f e r o m e t r y .  T h e  b a s e l i n e  c h o s e n  is 300  km i n  l e n g t h  w i t h  its 
c e n t e r  a t  a l a t i t u d e  of  35' Nor th .  B o t h  6 - h o u r  ( 3 3 - o b s e r v a t i o n )  a n d  8- 
h o u r  ( 4 4 - o b s e r v a t i o n )  e x p e r i m e n t s  a r e  s t u d i e d .  T h e  o b s e r v a t i o n  
s e q u e n c e s  a r e  p a r t s  of  a  3 0 - h o u r  s e q u e n c e  o b s e r v i n g  14  e x t r a g a l a c t i c  
r a d i o  s o u r c e s .  To r e d u c e  t h e  e f f e c t s  of o b s e r v a t i o n  s e q u e n c e ,  e a c h  o f  
t h e  6 - h o u r  a n d  8 - h o u r  t i m e  p e r i o d s  s c a n s  t h r o u g h  t h e  3 0 - h o u r  s e q u e n c e  
and t h e  m e a n  e r r o r  is c a l c u l a t e d  f r o m  a l l  p o s s i b l e  6 - h o u r  o r  8 - h o u r  

T h e  error s o u r c e  c o n s i d e r e d  I s  a  c lock  i n s t a b i l i t y  w i t h  l!f/f peV1' f o r  a l l  T o n  e a c h  end  o f  t h e  b a s e h n e ,  thus 04;) = 4 . g 
u n i t y  matrix is c h o s e n  as t h e  w e i g h t i n g  m a t r i x ,  W .  ' T h e  q u a d r a t i c  s u m  
of t h e  b a s e l i n e  c o m p o n e n t  e r r o r s  is t o  b e  e x a m i n e d .  

I n  p r a c t i c e ,  o n e  o r  more  c l o c k  p a r a m e t e r s  c a n  be  i n c l u d e d  i n  t h e  
e s t i m a t e d  p a r a m e t e r  List t o  r e d u c e  t h e  e f f e c t s  o f  c l o c k  i n s t a b i l i t y  
( Ref. 7 ) .  I n  t h e  f o l l o w i n g ,  we s h a l l  s t u d y  t h e  p rob lem u n d e r  d l i f f e r e n t  
c i r c u m s t a n c e s :  E s t i m a t i n g  3 b a s e h n e  c o m p o n e n t s  a l o n e ,  3 b a s e l i n e  
c o m p o n e n t s  a n d  a  c l o c k  o f f s e t ,  a n d  all t h e  p r e c e d i n g  p l u s  u p  t o  8 e q u a l  
s e g m e n t s  o f  c l o c k  r a t e  o f f s e t .  It s h o u l d  be  n o t e d  t h a t  w h e n  z m  
s e g m e n t s  o f  c l o c k  r a t e  o f f s e t  are t o  b e  e s t i m a t e d ,  t h e  e f f e c t s  o f  F n  
f o r  n $ m are t o  b e  e x c l u d e d .  



T a b l e  I1 s u  m m a r i z  es t h e  b a s e l i n e  so lu t ion  s ens i t i v i t i e s  t o  a  
b ias  e r r o r ,  a  ramp e r r o r  and a  white  phase noise. These sens i t iv i t i . es  
a r e  t o  be used i n  t h e  s egmen ta t i on  approach:  The e f f e c t s  of  c lock  
i n s t a b i l i t y  a r e  t o  be  de te rmined  by ( i )  c a l cu l a t i ng  t h e  RSS va lues  of 
bias,  ramp and random components ,  accord ing  t o  ( 1 4 )  and Table  I, from 
all TPTF of  concern ,  (li) multiplying by t h e  corresponding base l ine  
e r r o r  s ens i t i v i t i e s  i n  Table  11, and (ili) quadra t i ca l l y  summing t h e s e  
t h r e e  e r r o r  components.  

Fig. 3 compares  t h e  e f f e c t s  of  t h e  c lock  in s t ab i l i t y  on  basel ine 
so lu t ions  a s  e s t ima ted  by s imula t ion  approach  and by segmen ta t i on  
approach ,  f o r  bo th  t h e  6-hour and 8-hour experiments .  Exce l l en t  
agreement between the two approaches is seen. 

D f S C U S S l O N  A N D  SUMMARY 

Two d i f f e r e n t  app roaches  have  been  in t roduced  f o r  t h e  e s t ima t ion  
of c lock  i n s t a b z t y  e f f e c t s  on  r a d i o  metric and r a d i o  i n t e r f e ro rne t r i c  
observat ions.  The s imula t ion  approach  is s t r a igh t fo rward  and c a n  be  
appl ied t o  a n y  t y p e  of  problems; bu t  it r e q u i r e s  t h e  s imula t ion  of a  
f l i c k e r  noise. The s t a t i s t i c a l  c h a r a c t e r i s t i c s  of  a  f l i c k e r  noise c a n  
be attained only when a  l a r g e  number of  samples  a r e  included.  I n  t h e  
above  examples ,  t h e  33 and 44 consecut ive  obse rva t ions  s c a n  through a 
30-hour s equence ,  resul t i f ig  i n ,  r e spec t ive ly ,  128 and 117 d i f f e r e n t  
c lock i n s t a b i l i t y  samples.  Hence t h e  mean va lues  of t h e  so lu t ion  
e r r o r s  approach  t o  t h e i r  a t a t i s t i c a l  values.  6.Titho~lt S U C ~ ,  averaging 
t h e  r e s u l t s  f l u c t u a t e  a good deal.  Fig. 4 shows such  f l u c t u a t i o n  of  a  
s o l u t i o n  e r r o r  f r o m  t h e  1 2 8  i n d i v i d u a l  s a ~ p l e s  o f  3 3 - o b s e r v a t i o n  
sequence. 

The s egmen ta t i on  approach  r equ i r e s  t h e  e s t ima t ion  of  t h e  e f f e c t s  
of a bias,  a  ramp and a  random noise. The RSS magnitudes of t h e s e  
components  from a f ew  T P T F  need t o  be  ca lcu la ted .  However,  t h i s  
app roach  r e s u l t s  i n  s t a t i s t i c a l  v a l u e s  o f  c l o c k  i n s t a b i l i t y  e f f e c t s  
w i t h o u t  t h e  n e e d  o f  a v e r a g i n g  o v e r  many s a m p l e s .  Also, t h e  
s egmen ta t i on  app roach  is so  ve r sa t i l e  t h a t  c lock  in s t ab i l i t y  with any  
shape  of 0 (T) can be t r e a t e d  s i n c e  t h e  va r i a t i on  of fly is expl ic i t ly  

Y accoun ted  f o r  (cf .  equa t ion  14)  i n  t h e  e r r o r  e s t ima t ion  procedure.  

When a  problem with a d iu rna l  va r i a t i on  has a view period 
exceeding  8 hours,  b ias  and ramp t o g e t h e r  c a n  no longer r e p r e s e n t  t h e  
s y s t e m a t i c  e r r o r  s igna ture .  An add i t i ona l  e r r o r  component ,  a  s ing le  
t r i angu la r  pul-se , F1 , with its mean va lue  removed,  needs  t o  be 
considered. This is equ iva l en t  t o  adding a q u a d r a t i c  t e rm i n t o  the 
s m a l l - a r g u m e n t  a p p r o x i m a t i o n  of a c o s i n e  f u n c t i o n .  With t h i s  
r ~ o d v i c a t i o n ,  t h e  R M S  va lue  of t h e  randoll:. component  f o r  n = l  i n  Table  I 
is t o  b e  t ra r i s fe red  t o  t h e  new component.  O f  course ,  t h e  random 
component  from F n  with n > 1 t r i l l  stiU b e  needed. 



APPENDIX 

C a l c u l a t i o n  of  RMS v a l u e s  o f  B i a s ,  Ramp and  Random Components 
of T P T F  cf U n i t  R M S  Heights 

Bias Co n ~ p o ~ e n t :  

A sequence  of t r i a n g u l a r  p u l s e s  of h e i g h t  +1 has a bias  v a l u e  
o f  +1/2. S i n c e  Fo a n d  F, con ta in  no more t h a n  o n e  p u l ~ e  t h e i r  bias 
v a l u e s  & r e  simply 1/2. F o r  n > 1 ,  e a c h  pu l se  i n  F, map h a v e  a n  
i n d e p e n d e n t  s i g n  (+  o r  -). Since F, c o n t a i n s  2 "- t r i a n g u l a r  pu l ses ,  
e a c h  o f  them h a s  a n  R M S  b i a s  v a l u e  of  ( 1 / 2 ) ( 1 / 2 ~ - ' )  = 1/2". The R E f S  
v a lue  of b i a s  f c r  a_'-: pu lses  i r i  F i: t l  E- c1l,2r:~;atic- s u n  @cf those  of all r 
2"-' pulses. Hence 

112 
{bias) = [(2"-l)  (112~)*1 ( A .  1 )  

Ramp Component: 

It is r ead i l y  shown t h a t  F o ,  c o n t a i n i n g  o n e  h a l f  o f  a t,riangv.lar 
pu l se ,  h a s  a r a m p  c o m p o n e n t  o f  R MS v a l u e  l / ~ J 3  a n d  t h a t  F1,  c o n t a i n i n g  
one pc l se ,  kae  r?o r a r c p  c o r ~ p o n e n t .  F o r  Fn  with n > 1, t h e  t r i a n g u l a r  
p u l s e s  c a n  b e  g r o u p e d  i n t o  symmetrical p a i r s  ( w i t h  r e s p e c t  t o  t h e  
c e n t e r  of  t h e  t i m e  p e r i o d ) .  A p a i r  of p u l s e s  with t h e  same s i g n s  (++ 
o r  - - )  d o i ? ~  n o t  c o n t r i b u t e  t o  r a m p  componen t .  A p a i r  w ' t h  o p p o s i t e  
d ~ ~ c  (+- or  -+) h a s  a r a m p  c o m p o n e n t  o f  h e i g h t s  & 3m/2 2n-1 w h e r e  m is 
t h e  s e p a r a t j o r ,  t e t w e e r ~  t h e  two p u l s e s  o f  t h e  p a i r  ( m  = 1 ,  3,..., 2 n - L  
1).  The RMS v a l u e  o f  s u c h  r s r l p  c o m p o n e n t  i~ 1 / J ?  its h e i g h t ,  i.e., 
3 / 2 n 2 1 / .  The  p r o b a b i l i t y  of  fo rming  a pair of p u l s e s  w i t h  
orpcs5te s i g n s  is 1 / 2  ( t h e  o t h e r  1 / 2  f o r  pu l ses  with t h e  s a m e  s i g n s ) .  
Hence  t h e  RF1S v a l u e  of  t h e  r a n p  cornporlent o f  al l  2"'* p a i r s  o f  p u l s e s  
i n  F, is given by  

An-1 " 
1 1 2  

ramp = [ 'C' (3m/22n-2) ( 1 1 ~ )  1 



( A .  2 )  
1 1 2  

- ( n t l )  - (3n-1) ] 
= [2 - 2 

Random Component:: 

The total RMS value of F, i s  the same a s  that of a  single tri- 
angu la r  p u l s e ,  In. With the  b i a s  and ramp component given by ( A . l )  and 
(A.2)  the RMS v a l - u e  of t h e  random component: of F, is s imply  

2 1 1 2  
{~andorn) = (1 /3  - (b i a s}  - {ramp) ) ( A . 3 )  
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TABLE 1 

RMS Values of Bias, Ramp and Random Components 
of TPTF of Unit RMS Heights* 

(~ias 1 I ~ a m ~  1 (Random) 

* A t r i angu la r  pulse of unit height has a  t o t a l  RMS value  of 116. 













QUESTIONS AND ANSWERS 

DR. REINHARDT: 

Recent data have indicated over the past couple years that the prob- 
lem with hydrogen masers or with cesiums too is not really flicker 
noise. It is a combination of environmental effects and random walk 
which can be analytically treated much more easily than flicker 
noise. Have you looked into using those approaches to handling 
problems of correlation noise in frequency standards? 

DR. WU: 

Well, of course, flicker noise is just an assumption of clock in- 
stability. It is an approximation, but  the segmentation approach 
I was just introducing here can be applied to any sigma versus tau 
shift. That means it doesn't necessarily have to be a flicker fre- 
quency noise. 

DR. REINHARDT: 

If you use other noise models which are really applicable like ran- 
dom walk of frequency or an environmental effect, they are analyt- 
ical ly solvable, while fl icker noise presents a lot of computational 
problems; they do not. And you might get a more fruitful result by 
using the real models for behavior. 

DR. WU: 

If the characteristic is purely white phase noise or white frequency 
noise, you can easily do it with conventional covariance analysis, 
but whenever there is some combination of these noises or you have 
some variations in the sigma versus tau shape, then you have dif- 
ficul ty. 

DR. PETER KARTASCHOFF, Swiss Post Office 

I wonder if in the segmentation approach you used here, what is the 
statistical uncertainty on these ramp and drift and random com- 
ponents in this approach, because I am asking myself if you just 
have a statistical uncertainty, if you repeat this process which 
will be of the same order of magnitude, then the uncertainty you 
get with the simulation process is mainly according to the theory 
of Audoin and Lesage? 

Whereas, that there might be a danger that the segmentation 
approach used on limited data would give a too optimistic result, 
and then if you repeat the same experiment more and more, and 



f i n a i l y  you g e t  t h i s  v e r y  s low convergence t o  t h e  f l i c k e r  n o i s e  
process,  and t h e r e  I would recommend what V i c t o r  Re inhard t  sa id ,  
t h a t  a c t u a l l y  t h e r e  have been f o r  t e n  o r  more years ,  e f f o r t s  t o  
t u r n  around t h e  f l i c k e r  process. 

And t h e  comb ina t ions  o f  w h i t e  and random walk  r a t e s  and so on, 
b u t  I t h i n k  we have t o  l i v e  w i t h  t h e  f a c t  t h a t  t h e  f l i c k e r  process 
i s  he re  and n a t u r e  d o e s n ' t  c a r e  about  matherriat ical d i f f i c u l t i e s ;  
n a t u r e  i s  t h e r e  and t h e  f l i c k e r  p r o c e s s  i s  t h e r e ,  and f o r  rriany 
y e a r s  we had no p h y s i c a l  models on f l i c k e r  process,  b u t  t h r e e  
y e a r s  ago t h e r e  was a con fe rence  i n  Tokyo o n l y  on f l i c k e r  phenomenon. 

Now, we have about  t e n  models o f  fl i c k e r  no ise ,  t en  p h y s i c a l  
models. We j u s t  do n o t  y e t  know which i s  t h e  good one, b u t  I t h i n k  
we w i l l  have t o  l i v e  many y e a r s  w i t h  t h e  problem o f  f l i c k e r .  I 
j u s t  would l i k e  t o  make these  comments. One shou ld  l o o k  i n  t h i s  
approach you made because i t  i s  v e r y  i n t e r e s t i n g  i n  i t s  cornputa- 
t i o n a l  s i m p l i c i t y ,  b u t  I would say a l i t t l e  b i t  o f  warning.  What 
i s  t h e  r e a l  u n c e r t a i n t y ?  I would b e t  i t  w i l l  f a l l  back on A u d o i n ' s  
and Lesage 's  p r e d i c t i o n  on u n c e r t a i n t y  o f  t h e  es t ima tes .  Thank you. 

DR. WU: 

O f  course,  what I am i n t r o d u c t i n g  here  i s  j u s t  a techn ique  t o  e s t i -  
mate c l o c k  i n s t a b i l i t y  w i t h  a g i v e n  shape of sigma versus tau  s h i f t .  
So, whether t h e  a c t u a l  c7ocks w i l l  be r i g h t  on f l i c k e r  f requency 
n o i s e  o r  n o t  i s  another  s t o r y ,  


